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1 Entropic regularization of optimal transport

References: Peyré et al. (2019, Chap. 4).

Definition 1.1 (Entropy). The entropy of a positive vector x € R% is:

H(z) = —in log(z;) (1.1)

with the convention Olog0 = 0. It extends to matrices by summing over both indices 1
and j: H(P) = =¥, , Py log(Py).

The Hessian of the entropy is diag(—1/x;) so the entropy is strictly concave. In 1D
on [0,1] it looks roughly like a concave parabola, as shown on Figure 1, but with infinite
slope at 0.

The negative entropy s simply minus the entropy. It is a negative quantity, and
strictly convex.

Exercise 1.1. Show that the element of the simplex that minimizes the negative entropy
(equivalently, that mazimizes the entropy) is the constant vector (1/n,...,1/n).

Definition 1.2. The entropic-reqularized optimal transport problem (EOT) is:

min (C, P) + 5Z P;(log(P; —1) st. Pl=a, PT1=50 (1.2)
ij
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Figure 1: the entropy

Since the negative entropy is strictly convex, the solution of EOT is unique. Note that
the —1 in the entropy is here for convenience and can be removed without affecting the
solution, since the sum of entries of P is constant for any feasible P.

Proposition 1.3. When € goes to 0 the solution P* of the entropic problem converges to
a solution of the Kantorovich problem (which corresponds to € =0). If there are multiple
solutions to the Kantorovich problem, it converges to the one that has maximal entropy.

Note that this result is not true for general optimization problems: argmin and limit
do not commute.

Proof. Take a sequence of positive regularization strength ¢, going to 0, with associated
EOT solutions P,. Since the constraint set is the same for all P, and that it is closed and
bounded, we can extract a converging subsequence (say towards P,,) that we rename Py
for convenience. Let P* be a solution of the Kantorovich problem. Then, by optimality
of P* for the Kantorovich problem, since F; is feasible for it too,

(C, Px) < (C, P) (1.3)

On the other hand, since P* is feasible for EOT with € = ¢/, by optimality of P, for this
problem,
(C,Py) —eoH(Py) < (C,P*) —eggH(PY) (1.4)

Combining the two we get:
0 <(C,F) —(C,P") <elH(P)— H(P)) (1.5)

Since (P) is bounded (the feasible set is the same for all problem, and it is bounded),
so is H(Fy); letting ¢ to infinity we must have (C, P,) = (C, P*), which shows that P,
is a solution of the Kantorovich problem (as it is feasible). [

Exercise 1.2. Show that when ¢ — oo, the solution of EOT goes to the feasible point
that has mazimal entropy. Show that this point is ab' .

Definition 1.4. The Gibbs kernel associated to the EOT problem is K = exp(—%), where

3
the exponential acts entrywise. It is thus a matriz with strictly positive entries.

2



Definition 1.5. The Kullback-Leibler divergence between two matrices P,Q € RY*™ (so,
with positive entries) is:
R n m P7;j
KL(P.Q) £ ) ) Pylog 5t — P+ Qy (1.6)
i=1 j=1 i
Proposition 1.6. The KL divergence is the Bregman divergence associated to the negative
entropy. It is thus strictly convez in its first variable.

Proposition 1.7 (EOT as Bregman projection). The solution of EOT is also the solution

of:
argmin KL(P,K) st. P>0,Pl=a, P'1=0b (1.7)
P

with K the Gibbs kernel K = exp(—C/e).

This means that solving EOT is the same as projecting the Gibbs kernel onto the fea-
sible set, in the sense of the KL divergence (and not, as in the usual Euclidean projection,
in the sense of 3| - — - [|?).

Proposition 1.8. The dual of EOT is the following unconstrained problem:

max (a, f) + (b, g) — €Zexp (M) (1.8)

f.g — €
ij

We see that as € — 0, the values for which f; + g; > Cj; are more and more penalized,
eventually leading to a hard constraint for € = 0.
In addition, for any solution f*,g* to the dual, the primal solution P* satisfies:

fi+yg _Ci')

One of the strong benefits of EOT is that its dual is unconstrained, so when solving it
one does not have to enforce constraints such as f; +g; < C;;, which are nearly impossible
to apply in the continuous case.

Exercise 1.3. Show that it (f*, g*) is a solution to the dual of EOT, so is (f*+01,,9* —
d1,,) for any value of 6.

Fun fact: show that if ¢ and b have entries all smaller than 1, then any solution
(f*,g") of the dual problem must satisfy f; + g; < Cj; — and this, even though the
constraint is not enforced in a hard way, unlike in unregularized OT.

Definition 1.9. Let M € R, a € R}, and b € R}, . The matrix scaling problem is
to find vectors u,v € R | x R, such that

diag(u) M diag(v)l = a (1.10)
(diag(u)M diag(v))'1 = b (1.11)

It corresponds to multiplying rows and columns of M by scalars so that the rows end up
summing to a and the columns end up summing to b.
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Exercise 1.4. Show that if u,v is a solution of the matrix scaling problem, so is (u/\, \v)
for any XA > 0.

Proposition 1.10. The matriz scaling problem with M = K the Gibbs kernel is equiva-
lent to the dual of EOT: if (u*,v*) solves the matriz scaling problem, then it is equal to
(exp(f*/e),exp(g*/e)) where (f*,g*) solves the dual of EOT (and vice versa, any solution
of the dual can be mapped to a solution of the matriz scaling problem).

How do the two types of invariance (by addition-subtraction for f, g, by multiplica-
tion/division for (u,v)) relate to this?

Definition 1.11. The Sinkhorn algorithm starts from a strictly positive v° and iterates:
u'tt = a/Kv* (1.12)
v =/ K Tttt (1.13)
where division is meant pointwise.
Sinkhorn’s algorithm has many interpretation. The easiest one if the following:

e for a fixed v, the choice of u that makes diag(u) K diag(v) satisfy diag(u) K diag(v)1l =
a is a/Kwv (this is because K diag(v)l = Kv).

e for a fixed u, the choice of v that makes diag(u) K diag(v) satisfy (diag(u)M diag(v))'1 =
bis b/K Tu.

So, Sinkhorn alternatively modifies u and v to satisfy the first and the second constraints.
Surprisingly, this works: Sinkhorn’s algorithm converges to a solution of the matrix
scaling problem, and hence can be used to solve the dual of EOT.

Proposition 1.12. If we define P' = diag(u’)K diag(v’), then the sequence P‘ corre-
sponds to alternated Bregman projection (in the KL sense) onto the constraint set.

Alternating projections usually do not converge, but when the constraint sets are
affine, it does.

Proposition 1.13. If one defines u = exp(f/e) and v = exp(g/e), then performing
iterations of Sinkhorn is the same as performing alternate mazimization (in f and in g)
on the dual of EOT.

1.1 Convergence of the Sinkhorn algorithm

To derive convergence results easily we’ll work in a different metric

Definition 1.14. The Hilbert projective metric on Rle 18:

u;u;

dy(u, u) = log max — (1.14)

iU

Interpretation: it is a distance on the cone RL quotiented by the equivalence relation
u~u S u=ru,r>0.



This metric is useful because it “does not see” variations in scaling: dy(u, A\u') =
dy(u,u'); those variations in scaling in u and v are precisely the one that makes the
solutions to the matrix scaling problem not unique.

Exercise 1.5. Show that the Hilbert projective metric satisfies the triangular inequality
dy(u, u") < dy(u,v') + dy (v, u”).

Proposition 1.15. Let M € R}3™. Then M is a contraction in the Hilbert projective
metric: for any positive v,v’,

dy (Mo, Mv") < X(M)dg(v,v") (1.15)

a y/nM)—-1 A Mg
where A\(K) = ITITEE 1 and n(M) = max; ;x, i M’” > 1 is some sort of “condition-
ing” of K.

Proposition 1.16. Consider the iterates of Sinkhorn algorithm u’,v*, and define P* =
diag(u) K diag(v*) . Then

1. ub,v" — w*,v* a solution of the matriz scaling problem associated to K, and so

P! converges to the solution of EOT. The convergence is at a speed dy(u’,u*) =
O(MNK)?), same for v.

2. dy(uf,u*) < %{;’;) and similarly for v and b.

3. ||Pf = P*|loo < dyy(ul,u*) + dgy (v*,v%).

2 The Sinkhorn divergence

One the main uses of OT is to define distances between probability distribution. Consider
two discrete probability distributions o = Y"1 | a;0,,, 5 = Zm b;dy,, and the cost matrix
C = (l|lz; — y;ll);;- The 1- Wasserstein distance between o and f is defined as the minimal
transport cost:

min (C,P) . (2.1)
Pl=a
PT1=b

Then, one can show that W(-,) is a metric between probability distributions: it satisfies
the triangular inequality, is non-negative and vanishes if and only if a = .
Since entropic optimal transport is easier to solve than standard OT, one may try to
define a similar distance as the minimum value of the EOT problem:
r}glé% (C,P) — ez (log(P;;) —1). (2.2)
Pl=a
PT1=b
Unfortunately, for € > 0, this does not satisfy elementary properties of a distance. In
particular, due to the fact that the entropy is always strictly positive, the minimal value
in (2.2) is strictly positive when ao = f.
The goal of this section is to show how to construct a meaningful way to compare
probability distributions using EOT.



2.1 Renormalizing the regularizer

Feydy et al. (2019) introduced the so-called Sinkhorn divergence: a well-behaved object
when one wants to use entropic regularization to compare probability distributions.

First, observe that the entropic regularized problem (2.2) is in fact equivalent, up to
cosntant terms, to'

OT.(a, B) & Igil& (C,P) +cKL(P,ab"). (2.3)
Pl=a
PT1=b
We will work with this formulation, which is more convenient when studying the behavior
of the minimum as ¢ — +o00.

As an exercise you can check that (2.3) admits the dual formulation

OT.(a, 8) = max (a, f) + (b,g) =< > (exp <M) - 1) a:b; . (2.4)

59 — €
ij
Then the definition follows.

Definition 2.1 (Sinkhorn divergence). Let a, 8 be two probability distributions. The
Sinkhorn divergence between «, B is the quantity

S.(2,5) = OT-(a, §) - 5(OT-(a, ) + OT-(5, ). 2.5)

This simple renormalization first implies that S.(«, «) = 0, but it is now not so clear
that this quantity remains non-negative. To prove it, we need to define the notion of
kernel, an object used to measure similarity between objects.

Definition 2.2 (Kernel). A function k : X x X — R is a kernel if for any n € N
and (x1,--+ ,x,) € X" and (¢, ,¢,) € R™ we have that Zij k(xi, xj)cic; > 0. In
other words, if for any n and (x1,--- ,x,) € X" the matric K = (k(x;,x;));; is positive
semi-definite.

A simple example is the Gaussian kernel x(z,y) = exp(—||x — y||3/¢) which is indeed
a kernel.

2.2 Some properties of the Sinkhorn divergence

The following results proved in Feydy et al. (2019) shows that under a reasonable assump-
tion on the cost, the Sinkhorn divergence is a “good object” for defining similarities.

Indeed KL(P,ab") = > ij Pijlog(Pij/aib;) — aib; + Py = 37, Pijlog(Py) — 32,5 Pijlog(a;) —
> Pijlog(by) = —H(P) — 3, ailog(a;) — 3, bjlog(b;) = —H(P) + H(a) + H(b). So the two objectives
only differ by a constant, hence have the same minimizers.



Proposition 2.3. Suppose that the cost ¢ is symmetric, i.e., c(z,y) = c(y,x), and that
for any € > 0,k(x,y) = exp(—c(z,y)/e) defines a kernel. Then S.(-,-) is symmetric,
non-negative and satisfies S.(a, &) = 0 for any probability distribution «. In other words,
Se is a divergence® between probability distributions.

This hypothesis on ¢ is quite natural for many cost functions, for example when
c(z,y) = ||z — y||3 since k(z,y) = exp(—||xr — y||3/e) is a Gaussian kernel. We will
prove this proposition by using the following result.

Proposition 2.4. Let (f*, g*) be optimal dual variables for (2.4), then OT.(«, ) =
(a, f*y + (b, g*). Moreover, when o = 8 and when the cost ¢ is symmetric, i.e. c¢(x,y) =
c(y,x), there is a pair (f*,g*) of optimal dual variables of problem (2.4) with f* = g*.

Proof. Wenote S(f,g) = (a, [)+(g,b)—€>_,; (exp(w) — 1) a;b; the dual objective.
Since the problem is concave we have that V;S(f*, ¢*) = 0,V,S(f*,¢9*) = 0. These
conditions implies that (do the computation)

fr+9—Cy
V' . 121
Js El exp( - a
IF+9—Cy
) E 2L ) =1
(2 - eXp( e J

In other words by multiplying the first equation by b; and summing all the terms we
get that .. exp(@)aibj = 1. Thus —}_,; (exp(@) — 1) a;b; = 0 which
concludes the first point of the proof. For the second point consider the problem (2.4)
with o = 8 =37 | a;0,, and suppose the cost is symmetric. In this case

(2.6)

S0 = (0 )+ ) -3 (eoTEZD) Y aay 2)

Since C'is symmetric we can easily check that S(f, g) = S(g, f). We will show that this im-
plies maxy , S(f, g) = maxs S(f, f) thus there will be optimal dual variables (f*, g*) with
f* = g* that solve the problem. To see this we first have maxy, S(f, g) > max; S(f, f).
Now since the dual problem is (jointly) concave, i.e. (f,g) — S(f,g) is concave, we have

that
s(L2, )

D DY 5 (7.0 + 8001 = 5(00) .

But §(52 + @) — §(L2, 1r9) < max; S(f, f). Thus max; S(f, f) > maxg, S(f,9)
which concludes. OJ

We can use this result to prove Proposition 2.3.

2A divergence D is a function of two variables that satisfies Vo, D(z,z) = 0,V(z,y), D(x,y) > 0.



Proof of Proposition 2.3. We note f* € R" an optimal dual variable for OT.(«, ) and
g? € R™ for OT.(B, B) (which exist since we can consider optimal dual variables that are
equal from Proposition 2.4). Now the couple (f%, ¢”) is admissible for OT.(a, 3). Thus

OT. (0, 8) > {a ) + —eZ(mp(f s (m“yj))—l) whi. (29)

Using Proposition 2.4 we also have OT.(«, ) = (f*,a) + (f*,a) = 2(f*, a) (same for 3).
Hence

5.(0,) = OT5<a, B) - %OT (0,0) = 5OT-(5,5)

e(a, ) = (f* (9° b)
(exp fa + g] oy, yj)> B 1) i (2.10)
e(1— uT K.,0),
where we defined w; = a; exp(f®/e),v; = exp(gj /e) and Ky = (exp(—c(x,y;)/¢)),;- We

note also K,, = (exp(—c(y;, )/5))ﬂ Now using Proposition 2.4 we have also, for the
problems related to OT.(a, ) and OT.(8, ),

Z exp(fia + i — el xz’))

Q;Qyr = 1 = ﬂTKxxﬂ =1

) 2.11
Zexp(gf roy ;C(yjayjl))bjbj' =1 = 1'K,v=1, o
Jj
where Koy = (exp(—c(ai, zir)/€));y , Kyy = (exp(—c(y;,y5)/€)) ;- Thus
S.(a,B) > e(l —u' K,,v) = 2(1 +1-2u' K,,)
= g( U KU+ 0 Kyyo — 20 Kpy0) (2.12)

To conclude it suffices to use that x(x,y) = exp(—c(z,y)/e) so that K = (g“ [[gxy) =
yr By

(k(zi, 2j))i; where (21, , Zn, Znt1s** Zngm) = (T1,°+ , Tny Y1, -+, Ym). SiNce K is a ker-

nel the matrix K is PSD and thus (H E)T <§ g ) ( ) > 0. O

Last, but not least, the Sinkhorn divergence has very interesting asymptotic properties
as detailed below.



Proposition 2.5. Let ¢ be a symmetric cost. The Sinkhorn divergence interpolates

between the unregularized OT distance and the so-called Maximum Mean Discrepancy
(MMD)

Se(a, B) — min  (C, P)

=0 P>0

Pl=a, PT1=b
1 (2.13)
Se(@, ) 2.5 <— Z c(@i, v )aiay — Z ey, yYjr )by + 2 Z c(s, yj)az'bj)
[ 27 v

Under the hypothesis on ¢ of Proposition 2.3 the complicated term when ¢ — +o0 is
non-negative and defines also a very useful distance between probability distributions.

We will prove only the convergence result, we leave the clean definition of the MMD
(and the fact that it is non-negative) for another time...

Proof. Consider (f¢, ¢g°) optimal dual variables for the problem OT.(«, ), that is

OT (e, B) = (a, f*) + (b, ¢°) — 52 (exp(fiE 95—, yj)) - 1) ab; . (2.14)

€

As e — +00 we have eXp(w) =1+ w + O(%) (everything is discrete

so the dual variables are uniformly bounded, independently of € ). Thus

OT.(08) = (0. ) + (bg?) — £ 3 (ff + g5 — c(wi,y)) L0 ( 1 )> b,

— € g2
()

= e(wiy)ab; + O (é) '

ij

(2.15)

Thus OT. (v, ) —csi00 Zij c(z;,y;)a;bj. In the same vein we have OT. (o, @) —c100
Yo (@i, xi)a;ay and OTL(B, B) —esioo ij, c(y;,y;)b;bj hence the result. The setting
€ — 0 is clear. O
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